Abstract-A novel class of Butler matrix with inherent bandpass filter (BPF) transfer functions is presented in this paper. The Butler matrix is the fundamental network to split and recombine the signal in multi-port power amplifiers, however, to suppress spurious frequencies generated by the amplifiers or to provide nearband rejection in order not to interfere with other transmission/receiving bands separate filtering is often required. Here, the traditional power division and phase 
I. INTRODUCTION
T HE BUTLER matrix is a multiple input and multiple output network with the purpose of spreading the input signals at the output ports with prescribed power and phase distribution. In the very first studies, the Butler matrix (also known as the matrix) was introduced as a beam-forming network (BFN) where multiple signals have to feed an array antenna [1] , [2] . In its basic configuration, the Butler matrix is formed by several hybrid power dividers and phase shifters: analytical procedures have been derived in order to systematically design the antenna pattern depending on the number of beams [3] - [6] . The fundamental building block of these networks is the branch-line directional coupler, which is a 2 2 hybrid network where the power at one input is equally divided with a phase shift of 90 across the two outputs [7] . The physical structure of the hybrid consists of two pairs of parallel and orthogonal quarter-wave transmission lines with given characteristic impedance that equally split the input power providing a quadrature phase response [7] . Additional work to extend the operational bandwidth, or to define the arbitrary output power splitting ratio, of the hybrid has been presented in [8] and [9] . The same concept can also be achieved with the use of 180 hybrid couplers in place of the 90 , through a different design procedure [10] .
Other than BFNs, the Butler matrix has found a fundamental application in multi-port power amplifiers (MPAs), with the first study of Sandrin [11] . The idea around the MPA is that the input signals are equally distributed among identical power amplifiers (typically traveling-wave-tube amplifiers or solid-state power amplifiers) operating in the linear region. In this case, all the amplifiers share all the signals. Later, all the signals coming from the amplifiers are reconstructed in order to avoid interference. This initial split of the input signals is performed by a Butler matrix, also called the input network (INET). The phase distribution provided by the input Butler matrix is exploited in order to, theoretically, re-obtain the same initial signals, but amplified at the output. The recombination network is cascaded to the power amplifiers and is also called the output network (ONET). In practice, the ONET is identical to the INET, except for being mirrored. In principle, one design of the Butler matrix is sufficient in order to have both the INET and ONET. From a topological point of view, it is not necessary to have any internal or external phase shifter for the input/output Butler matrix used for an MPA [12] , [13] . This is an important aspect, as it shows that the phase shift provided by the branch-line couplers of the network is sufficient for the recombination stage of the MPA. The MPA solution finds extensive applications in telecommunication satellites and multi-beam antenna configurations [14] . The main advantage of the MPA over the traditional paralleled high power amplifiers (HPAs), one per beam, is in more flexibility of the power allocation among the single amplifiers and a better absorption of traffic in case of failure of one of the HPAs if no redundancy is provided [15] .
The Butler matrices proposed in the literature for MPAs are mainly implemented with several hybrid couplers based on transmission lines, producing a broadband response. If it is required to suppress the spurious frequencies or the intermodulation products generated by the HPAs, separate bandpass filter (BPF) or low-pass filter (LPF) interfaces need to be cascaded to the ONET, as shown in Fig. 1(a) . This configuration has been adopted in various telecommunication satellites for S-and L-band [16] . The extra filters lead to bulky equipment, which can be of critical importance, especially in satellite applications where there are stringent constraints in the size of the on-board devices.
The solution proposed in this work is to incorporate the bandpass filtering function and the Butler matrix into one single circuit based solely on coupled resonators. The new Butler matrix that includes all the filter transfer functions will substitute the ONET plus BPFs, resulting in sensible size and mass reduction. Fig. 1(b) is a representation of the MPA that includes the ONET with inherent BPFs, as it will be presented in this paper. It will be shown that the proposed solution is capable of completely eliminating the ONET of Fig. 1(a) with no redundancy in terms of number of resonant cavities. An analytical synthesis technique will also be presented for a step-by-step procedure starting from the RF specification until the final formulation of the coupling matrix. The attempt to introduce filtering functions into the 2 2 hybrid was already presented in [17] - [24] and a circuital diagram of a 4 4 matrix with the coupling coefficients calculated via optimization techniques has been introduced [21] . The four-resonator hybrid is also extensively exploited to create more complex subsystems in [25] , however, optimization of the inverters are mandatory in order to obtain desired symmetries and frequency response. Also, no general understanding of the polynomials for the mentioned multi-port circuits is provided. Other structures implementing input/output power division and filtering through coupled resonators structures are discussed in [26] - [29] , however, they do not provide an analytical synthesis of the coupling matrix. A different type of solution for networks with one input to multiple outputs has been presented for microstrip [30] .
In this work, a general and analytical synthesis technique of the coupling matrix of
Butler matrices with an inherent filter function (Chebyshev or Butterworth) based on resonators is introduced. The synthesis is for any 2 2 reciprocal 180 Butler matrix. One prototype of a 2 2 hybrid and two breadboards of a 4 4 Butler matrix made with additive manufacturing and milling are presented, showing that current synthesis successfully adapts to new, as well as known, technologies. The RF measurements compared to the theoretical curves, show good match, and confirm the analytical description.
II. GENERAL CONSIDERATIONS

A. Network Assumptions
In stable conditions the MPA behaves simply as a bank of power amplifiers in parallel, and theoretically, there is no distortion derived from the INET or ONET. The concept can be expressed in term of transfer function matrices as (1) where all the amplifiers produce the same gain and is the unitary matrix. The transfer function matrix of the whole MPA is indicated with while the ones for the INET and ONET with, respectively, and . The cascade of INET and ONET should be transparent to the system, meaning that (1) should result, except for the scaling factor , in a unitary matrix or any of its transposition. This is because a signal entering at input of Fig. 1 can reach any of the outputs if there is no mutual interference. In general, it is possible to say that (1) should result in a permutation matrix. The Butler matrix based on 90 hybrid directional couplers, for example, produces a transfer function matrix that is, apart for an amplitude and phase scaling factor, an anti-diagonal unitary matrix, as shown with closed formulas in [12] . Here, the new Butler matrix with filtering included is obtained through a synthesis technique of a multi-port circuit based on coupled resonators, as shown in the general schematic of Fig. 1(b) . Thus, it is convenient to express the electrical properties of a lossless network formed of ports and resonators through a coupling matrix defined by blocks, as introduced in [31] (2) where
• is the matrix of the coupling coefficients between external ports; • is the matrix of the coupling coefficients between resonators external ports ; • is the matrix of the coupling coefficients between internal resonators. is a square matrix of dimensions . In recent years, there has been increasing interest in the general synthesis of multi-port networks based on coupled resonators [32] - [35] . However, many limitations of fully direct analytical synthesis methods have been faced, both in the definition of the polynomials of networks with more than three ports and with the maximum number of couplings that each resonator can sustain [36] . Modern techniques to synthesize multi-port circuits, once the constituting rational polynomials are known, comprise the synthesis of an equivalent transversal network and later apply a sequence of matrix similarities (matrix rotations) in order to obtain the final topology [31] , [37] . This process is based on the conversion between the rational form of the scattering polynomials to the admittance matrix parameters expressed as ratio between numerators and a common denominator as in the following partial fraction expansion notation: (3) where is the limit at infinity of the generic element of the admittance matrix, is the residue associated with pole , the complex low-pass frequency is , and is the order of the polynomial of the common denominator . From (3), direct expressions of the elements of matrices , , and can be obtained [38] . The conversion between the different types of matrices can be performed either analytically for some simple cases [35] or through numerical methods [39] . However, these techniques proved their validity mainly for multiplexing applications, and in particular when the transfer function exhibits all single poles [35] . If the last condition is not met, the method based on the derivation of the equivalent transversal network cannot be used. For the Butler matrix, all the signals are operating inside an available spectra of the same operational bandwidth, and center frequency with the input ports mutually isolated. This brings singularities to the transversal network coupling matrix, leading to a reduction of its columns/rows, and thus to the elimination of some ports/resonators.
The solution proposed in [25] provides an interesting combination of many 2 2 hybrids to create multi-port networks. Analytical formulas are presented for the basic hybrid, but they are not easily scalable to a higher number of ports due to the intrinsic limitations of the even/odd mode technique. Moreover, the synthesis of the inverters and resonators are performed through an equivalence with the Chebyshev filtering characteristic. Due to these problems, the polynomials for the proposed multi-port networks are not provided, a different approach is presented here.
In addition, the topology of the network is yet to be defined. Hence, the requirements and assumptions of the resonator-based Butler matrix can be summarized as follows:
1) mutually isolated input ports; 2) equal input power distribution among the outputs; 3) appropriate input to output phase distribution in order to grant recombination of the signals; 4) reciprocal network; 5) same bandpass transfer function for all signals. In order to satisfy the condition of same transfer function, it follows that is not possible to exploit (3) because of the higher multiplicity of roots of common denominator , hence, a different method shall be investigated. In the following, a general method is proposed for the synthesis of any
Butler matrix with filter transfer functions included exploiting the virtual open circuit offered by the 180 hybrid coupler based on resonators [19] , hence, avoiding the problem of multiplicity of roots of that affects traditional techniques.
B. Virtual Open Circuit
Fig . 2 shows the schematic of a 180 hybrid coupler based on coupled resonators. Black circles are resonators with the electromagnetic (EM) couplings represented here by lines. The network shows the response of a typical rat-race coupler with a two-pole filtering characteristic [19] , where the coupling matrix is defined as
It can be shown that parameters and are directly related to the external and internal couplings of a two-pole filter with a scaling of a factor for the latter [17] , [19] . If a source is applied to port 1, the signal propagates to ports 2 through paths A and B shown in Fig. 2 . All the coupling coefficients are the same, except for the one between resonators 2 and 4, which is same magnitude, but negative. In resonator 2 there exits a totally destructive combination of signals from paths A and B that generate the perfect isolation at port 2. This provides a virtual open circuit at resonator 2 when considering paths from ports 1 to 3 and from 1 to 4. The same is valid for pairs of any other opposite ports. It should be noted that the network exhibits two identical filter functions, with two poles each, while the network has four resonators. The topology shown in Fig. 2 will be adopted in the next sections as the fundamental building block of a generalized
Butler matrix.
C. Transfer Function Requirements
The electrical properties of the four-resonator 180 coupler of Fig. 2 are exploited in order to make the synthesis of a general
Butler matrix with . The transfer function matrix, defined over the operational bandwidth, of the hybrid is the typical one of a rat-race coupler (5) Here input signals are applied to ports 1 and 2 of Fig. 2 , and outputs are at ports 3 and 4. By recursive combination of (5), a Butler matrix can be obtained in a similar fashion to that described in [12] using only 180 hybrid couplers. The total transfer matrix defined by the Kronecker product is (6) This is also known as the Hadamard matrix. Naturally, the Hadamard matrix is orthogonal, indeed becoming very attractive for the architecture of Fig. 1 . It is possible to assign to the INET a Butler matrix with a transfer function like the one of (6), and to the ONET, the same network, but mirrored. The mirroring of the input/output of the ONET corresponds to the transposition of the transfer function matrix. Recalling (1) and the orthogonality of the Hadamard matrix it can be shown how this kind of network is suitable for the use in MPAs in the operational bandwidth. Combining (6) with (1) the following is derived:
This states that using a combination of 180 hybrid coupler, the transfer function of the entire MPA results in a multiplication of the amplitude of the input signals of a factor .
III. SYNTHESIS TECHNIQUE
A. Polynomials Definitions
The network has ports (i.e., inputs and outputs ), it is reciprocal, lossless, is described by its scattering matrix and has the generic transfer function matrix defined in (6) . The reflection , transmission , and isolation parameters are directly related with the elements with the following simplified notation:
where is the reflection characteristic seen at port , is the transfer function between ports and , and is the isolation between ports and (with ). In (8) , the input signals are assumed to be applied at one port in the range 1 to , though the same concept is valid if the source is applied at ports to due to the reciprocity of the network. For a generic lossless network, the unitary condition is expressed by the well-known formula (9) where is the complex conjugate of matrix and is the identity. The set of definitions (8) can be substituted in (9), producing the following relation in terms of parameters , , and valid for :
The traditional cascading of a Butler matrix and a bank of BPFs, as was shown in Fig. 1(a) , is taken as the reference model with scattering matrix . It can also be studied as a reciprocal lossless network with a scattering matrix derived by the combination of the ONET and filters (11) that must comply with condition (9) . In this study, the nonlinearities of the ONET are not taken into account and the network is just considered as an equal power divider, except for the output phase contribution with perfect isolation between pair of input ports. With this in mind, the unitary condition (11) is applied to (9) , resulting in (12) where the return loss and transmission of the generic BPF on the output port are indicated with parameters and , respectively. As the Butler matrix performs an equal power splitting, there is a term in (12) . The assumptions made in the previous sections stated that all the inputs/outputs of the distribution network were mutually isolated and the same BPF transfer function were applied to all the ports. They are expressed in the notation introduced here with the following set of equations:
A direct consequence of (13) is that all the insertion loss characteristics are the same, indeed, . The unitary condition is exploited in order to equate relations (10) and (12) with the set of conditions expressed in (13), (14) The two parts of (14) demonstrate the direct relation between the characteristics of the transfer functions of the circuit under investigation and the ones of a generic BPF, (15) (16) This highly simplifies the complexity of the synthesis of polynomials of the multi-port network with regard to the difficulties mentioned at the beginning of the section. The concept of the virtual open circuit used to make two independent paths in the 180 of Fig. 2 is generalized here to the case of ports. This is a fundamental assumption to specify independent paths, each of them producing a filter transfer function. Hence, the synthesis of the generic set of functions and starts from that of a two-port BPF with known and .
B. Topology
The 180 hybrid of Fig. 2 is identified to be the suitable candidate as the fundamental building block of the Butler matrix with filtering because of the properties of perfect isolation, equal power division, and transfer function matrix compliant with the application requirements. Each independent path, needed to perform the transfer functions and , is obtained through a sequence of hybrid couplers of the type of Fig. 2 . As each hybrid equally splits the power at the two output-transmission ports, for a single path the following number of hybrids are necessary:
The contribution of each of them to one single path is of exactly two resonators, indeed, the total transfer function achievable with the current technique produces a minimum number of poles given as (18) Moreover, each unit (i.e., 180 hybrid coupler) accepts two input signals, and hence, a number of units, in order to receive all the input signals, are necessary. Indeed, the entire network can be thought of as a matrix of units of rows and columns with a total number of hybrids and resonators given by the following relations:
Every hybrid coupler constituting the network should be connected to other hybrids or to the external ports in order to comply with the prescribed output power and phase distribution. The structures shown in Fig. 3 solves this problem for different numbers of inputs [12] . In this figure, the input ports are indicated with and the output with . The basic building block of the circuit is the 180 hybrid of Fig. 2 . Each unit is represented with the two input ports on the left of the block, while on the right are the outputs: these are shown in Fig. 2 , with ports 1, 2 for the inputs and 3, 4 for the outputs. The entire circuit described here is based on resonant cavities coupled by EM couplings, thus each line of Fig. 3 represents a coupling between pairs of resonators, which are embedded in the units shown as rectangular blocks. The figure includes the configurations of 2 2 [see Fig. 3(a) ], 4 4 [see Fig. 3(b) ], and 8 8 [see Fig. 3(c) ] Butler matrices that implement the Hadamard transfer function matrix (6). It should be noted that the numbering of the output ports has been derived in the figure in order to have the phase distribution identical to the transfer function matrix of (6). However, it can be proven that if a sequential numbering, for instance, from top to bottom, is applied to the networks of Fig. 3 , the resulting matrix is still orthogonal. Starting from the schematics depicted in Fig. 3 , it is also possible to generalize to networks recursively.
In some practical cases it might be more appropriate to change, for example, the relation between the input/output ports of some units of Fig. 3 with the ones of the 180 hybrid of Fig. 2 . The reason for this change depends on particular constraints that can arise at the design stage of the single unit hybrids for specific technologies, which might lead to impractical or even impossible implementations or accommodation of the components on the circuit. The output power division of the whole Butler matrix is not affected with the change applying only to the distribution of the output phases. This, in general, is not a limit as long as the transfer function matrix is capable of recombining the signals as introduced with the general relation (1). This statement confers a greater degree of freedom to the topology configuration of the network because it does not bound the response to the only pure Hadamard transfer matrix, but gives the designer the ability to change the physical connections of the hybrids without losing the properties of the circuit.
C. Formulation of the Coupling Matrix
The synthesis technique for the formulation of the coupling matrix is summarized here with the following step-by-step procedure.
1) Review of the RF specifications. The number of input/ output ports depends on the number of signals that are supposed to be applied to the network while the bandwidth and the return loss are functions of the rejection required after the bank of power amplifiers. 2) Calculate the total number of poles through (17) and (18), number of unit-hybrids with (19) , and total resonators with (20).
3) The polynomials of the transfer function of this network are directly related to the ones of BPFs with the relations (15) and (16) . This calculation is performed initially with the normalized low-pass parameters on a filter of resonators and ideal inverters. For maximally flat or equal ripple transfer functions, the low-pass parameters are calculated with the well-known formulas [40] . The coupling coefficients of the BPF are directly obtained from parameters with the formula (21) with . In order to simplify the following computations, the entity is not considered here as a matrix, but just as a vector where each element represents the coupling coefficient between a pair of adjacent resonators. Alternately to the formulations of the parameters, more advanced techniques to generate the can be used as described in [41] . 4) The first resonators of every 180 hybrid coupler on the first column of unit-hybrids of the circuit are all coupled with the external inputs. The same is for the second resonators of all the hybrids on the last columns that are coupled with the external outputs. The value for these coefficients correspond to the first and the last element of vector . 5) Each independent path has the coupling coefficients equal to the ones calculated with (21). The power splitting factor and the phase distribution are governed by the configuration of the hybrids. The hybrid's coupling coefficient are all the same, except the one that is opposite phase (i.e., Fig. 2 ). Their magnitudes are defined as (22) where the subscript is used to indicate all the identical hybrids on columns . The coupling coefficients between pair of hybrids, indicated as , are directly obtained [cf. (4b) and (4c)] as (23) 6) The coupling matrices and are populated with the values of vectors (22) and (23) in order to reflect the chosen topology connections. Typically, has the values of the first and last elements of (21) for the coupling coefficients between the terminal resonators and external interfaces. The final coupling matrix of the overall network is defined by blocks with the form (2). 7) The obtained coupling matrix should be de-normalized to the center frequency and bandwidth and expressed in term of the external quality factors between the external port and the internal resonator and the coupling coefficient between two internal resonators and as follows [41] :
Note that the achievable operational bandwidth depends on the technology of the resonator/coupling used in the physical implementation.
D. Extension of the Filtering Characteristic
The selectivity of the filtering transfer function is directly related to the number of ports , and consequently, to the number of hybrids that produce a minimum of poles for every transmission parameter. However, in some cases it is required to increase the order of the network to meet the specifications. The virtual open circuit of the 180 hybrids guarantees the perfect isolation between the input ports, hence, additional resonators can be added to the ports without loss of generality given by relations (15) and (16) .
For example, in a symmetric circuit the same number of resonators should be included at all output and input ports. The new transfer function will be formed by a total number of poles as (25) where is the number of resonators applied at each input and output port. The same equations for the calculation of the parameters are used, taking into account the total number of resonators. In this case, parameters and will apply to couplings of the resonators external to the hybrid networks, while are the ones used internally. The elements of (21) change accordingly. In this scenario, (20) is rewritten in order to take into account the extra resonators (26) The equations of the coupling coefficients internal to the hybrids (22) and of the coefficients connecting pairs of hybrids (23) remain the same, except for a shift of positions of the elements in vector (21) . Note that the generality introduced by the polynomials (15) and (16) does not limit the extension of the filtering characteristic to symmetric responses: a more complex configuration is also allowed with the possibility to provide, for example, real and/or imaginary positioned transmission zeros by means of cross couplings.
An example of response of an 8 8 symmetric Butler matrix with integrated filter function with the inclusion of the resonator at each port is shown in Fig. 4 . The topology of this network is the one of Fig. 3(c) with one resonator added at each input and output port. The plot shows the response in terms of reflection and transmission of an 8 8 Butler matrix with one extra resonator at each port and 20-dB return loss. There are eight poles in accordance with (25) and the total number of resonators required is
. The values of the couplings coefficients in the low-pass domain are (external coupling), (extra resonator), cavities are necessary to obtain the required selectivity. The advanced Butler matrix proposed here incorporates both the distribution/power divider network and the filtering selectivity. These properties are achieved through a circuit based only on coupled resonators, which, without any external additional resonator, produces a filter function of poles per output with a total number of resonant cavities equal to (20) . The same performance in terms of selectivity and power distribution are obtained by the proposed Butler matrix, making redundant the ONET based on transmission lines. The saving is the space occupied by the distribution network.
The architecture of the MPA of Fig. 1(a) can be modified with the proposed solution substituting the ONET cascaded by BPFs. This leads to a more compact configuration like the one shown in Fig. 5(a) with four inputs/outputs. The example shown in Fig. 5(b) has been synthesized for a conventional 4 4 ONET with the baseline of a transmission-line Butler matrix and four BPFs of the fourth order. The specification considered is GHz, a bandwidth of 500 MHz, and filters with return loss better than 25 dB. The circuit has been simulated in standard WR75 waveguide. If no isolators are considered between the Butler matrix and filter sections, the overall volume of the circuit shown in Fig. 5(b) is 96.7 cm . In the following it will be shown that the proposed solution of incorporating the distribution network and filters in a single components leads to a save in volume of more than 30%.
V. PREREQUISITE INPUT SIGNALS FOR MPA
When operating with multiple input signals simultaneously, before port 2 of each input hybrid it is necessary to include a 90 phase shifter to avoid destruction of signals in the resonators [42] . This is needed, for example, when the Butler matrix is used in an MPA as multiple input signals are applied at the same time. The scattering parameters are obtained by measuring the ratio of the incident/reflecting waves at two ports while the others are closed on matched loads. They do not give information on the output phase distribution when multiple inputs are applied simultaneously at more ports. The Butler matrix with filtering is made here with several 180 hybrids, each of them producing out-of-phase contributions that might destroy part of the input signals. Hence, it is mandatory to keep all the fields orthogonal inside the cavities of every hybrid [42] . The phenomena is intrinsic to the nature of the 180 hybrid, and once corrected, does not affect the overall response of the MPA. This is a prerequisite for input signals that can also be operated at system level as it does not affect the configuration of the network proposed.
VI. EXAMPLE IMPLEMENTATIONS
A. Compact Rat-Race 2 2 Hybrid Power Splitter
A 2 2, 180 hybrid coupler based on resonators has been implemented in standard WR90 rectangular waveguide and is shown in Fig. 6(a) . The specifications to meet for this device are central frequency GHz, bandwidth MHz, and return loss better than 25 dB. It is the physical implementation of the topology of Fig. 2 , which incorporates the power division and output phase distribution of a rat-race coupler and a two-pole Chebyshev filter. This model, similar to [23] , has been designed with four resonators mutually coupled by inductive irises for easy manufacturing and enhanced power-handling capabilities. The negative coupling of Fig. 2 is created by one cavity together with three cavities [43] . In this case, the synthesis of the coupling matrix reduces to the simple relations of [19] resulting, using (24) , in and . These values are used to obtained initial dimensions for the 3-D simulator, later optimized in order to improve the overall response [41] . With reference to the schematic of Fig. 6(b) , the dimensions in millimeters are , , , ,
and the thickness of iris walls is 1 mm. In the proposed case, cavity 2 introduces an asymmetry with respect to the other resonators and also with external ports. This brings the need to correct the phase of by changing the length of the waveguide to the external port. In this example it is necessary to increase the length of the external waveguide of port 1 by a factor mm with respect to the other ports. The comparison between measured data and simulations are ploted in Fig. 7 . In Fig. 7(a) , the input signal is applied to port 1, while in Fig. 7(b) , it is input port to 2. The hybrid has been manufactured with milling, resulting in rounded corners at the internal edges of 1.5-mm radius and with machining tolerances Fig. 7(c) . The phase response is that of a two-pole Chebyshev filter. The in-band stability of the measured phase input-output transfer parameters is evaluated with respect to the nominal value and is shown in Fig. 7(d) . The notation is to indicate the error of the difference of phase responses with respect to the theoretical value. Over the operational bandwidth the error varies in a range of 3.2 with a maximum value of 1 for and 2.5 for . No tuning has been performed on this prototype.
B. Waveguide 4 4 Butler Matrix Based on Resonators
The synthesis and design of a 4 4 Butler matrix with filtering is presented in this section. The central frequency is GHz, bandwidth is MHz, and return loss is 25 dB. According to (19) and (20) , the device is expected to exhibit a Chebyshev four-pole transfer function per input-output with a number of hybrids and resonators. Initially the parameters are calculated, and from them the vector of coupling coefficients is obtained with (21) . Thus, the external coupling coefficients are , hybrids coefficients are and , and the coefficients of the connections between pair of hybrids are . The denormalized coefficients, calculated with (24) , are , , , and . The waveguide configuration for the fundamental hybrid is the configuration shown in Fig. 6(b) for the 2 2 coupler with port 2 put on top at the middle of cavity 2 and with a capacitive coupling in order to improve the symmetry in the plane of ports 1 and 2. The fundamental unit-hybrid is implemented in standard WR75 waveguide, and in order to physically connect them, the topology of Fig. 8(a) has been adopted for this solution. Here the dashed lines represent the negative couplings. The topology of Fig. 8(a) produces the transfer function (27) This is still orthogonal, and hence, able to grant the combination and recombination stage required by (1) .
The schematic of the dimensions of the single hybrid is shown in Fig. 8(b) with all four hybrids having the same coupling coefficients, and consequently, the same dimensions. Port is on top of cavity 2 so the capacitive coupling has been filled with grey for better clarity. The other hybrids are mutually coupled with respect to ports and only in order to make the design feasible. The coupling is performed through a square bend of aperture , hence keeping it inductive. The overall structure is built with two horizontal and two vertical hybrids with the square bends keeping the inductive EM properties of the connecting couplings. Fig. 8(c) shows the 3-D design of the 4 4 Butler matrix. With reference to Fig. 8(b) , the dimensions in millimeters are , , ,
, thickness of iris walls is 1, and 1.5-mm radius is applied to internal corners.
Two realizations of the network have been manufactured, one using additive manufacturing and the other with milling. They are shown in Fig. 8(d) . The design and the physical models have been included with identification of input/output ports consistent with Fig. 8(a) . Due to the complexity of the 3-D structure, some of the labels are not included in all the figures. The two models are identical, except for the lengths of the external waveguides/interfaces for the version made with milling because it is necessary to allow space for the screws. The additive manufacturing process has the advantage to produce a lighter and monolithic device with no extra pieces that might produce mismatches or misalignments. The price paid is in terms of higher tolerances and roughness intrinsic to this technique, being of 0.1 mm compared with the 20 m achievable by milling. On the other hand, the 4 4 unit manufactured with milling is formed by one main block and four lids. The response of each device is represented by an 8 8 complex scattering matrix, thus, in Fig. 9 are just shown as a selection of responses of the two models. The comparison between the measurements (solid lines) and simulations (dashed lines) for the model built with additive manufacturing and milling are shown in Fig. 9 (a) and (c). In Fig. 9 (b) and (d) are the phase relations for the two models (additive manufacturing and milling, respectively). The input ports are numbered 1, , 4 while outputs are 5, , 8. Fig. 9(a) is obtained by introducing a frequency offset of 180 MHz in the measured results, as the manufacturing process caused a general shift down in frequency. The offset has been applied in order to easily compare the response with respect to the simulations. The passband shows a very good agreement with the theory, as well as the isolation term . The return loss is 12 dB in the worst case, which is in line with the tolerances of the manufacturing technique. Even though not all the poles are visible in the return loss, the skirt of shows a four-pole Chebyshev characteristic as does the bandwidth and the 6-dB power splitting ratio. The transmission output phases are shown in Fig. 9(b) without the need to apply any frequency offset. The parameters , , and are in phase while is out of phase. This is in agreement with the first row of transfer function matrix (27) . The figure also shows the low error in the phase distribution in this device. Fig. 9(c) shows the magnitude response when the input source is applied to port 4 for the model built with a milling technique. The return loss is better than 22 dB, operational bandwidth, isolation, and transmission are very close to the simulations because of the more accurate building process. The output phases of Fig. 9(d) are consistent with the fourth row of the transfer function matrix (27) as the element is out of phase with respect the others. There is a shift in the output phase response with respect to Fig. 9(b) : this is due to the different lengths of the external waveguides of the model made with milling. It should be noted that the assembly of the different parts of the milling model leads to small local misalignments and leakages of the EM field that deteriorate the phase stability with respect to the additive manufacturing model. The mismatch appears to be less critical within the operational bandwidth. Both models of Fig. 8(d) have also been manufactured and tested without tuning screws and the measurements included in Fig. 9 correspond to the response without tuning.
The volume occupied by this 4 4 Butler matrix with filtering is 66.2 cm . If compared to the example of the conventional ONET shown in Fig. 5(b) , it is possible to quantify that the current solution occupies 31.5% less volume with respect to the equivalent Bulter matrix plus four BPFs.
Regarding the 8 8 network of Fig. 4 , it can be implemented with a similar structure of Fig. 8 (a) repeated twice with four hybrids plus one resonator each connecting the parts.
VII. CONCLUSIONS
A new Butler matrix that incorporates BPF functions has been presented in this paper. The basic principles of these networks, as well as their applications in MPAs, have been discussed and some implementation examples for satellite telecommunication applications reported. The solution solves the need to add filtering selectivity at the output of the ONET in order to suppress spurious frequencies generated by the power amplifiers of the MPA. Normally, this is done with extra filters cascaded to the output Butler matrix. In this paper, a new circuit based only on coupled resonators is presented, showing both the power division, phase distribution, and filtering transfer function. Here, the synthesis procedure overcomes the intrinsic problems and limitations of the current techniques for multi-port networks as it is based on the perfect virtual open circuit provided by the 180 hybrid coupler. The advantages in terms of size and mass reduction are a key feature of the present solution. Also, the synthesis presented here is completely general and no assumption has been made over the type of resonator used. Finally, examples of a 2 2 hybrid and a 4 4 Butler matrix derived with the present technique have been shown. Moreover, a 4 4 model has been produced both with additive manufacturing and milling techniques and a discussion on the experimental results has been introduced. Comparison between simulations and measurements show good agreement, both for the magnitude as well as for the output phase.
